A four-dimensional asymptotic expansion scheme is used to study the next order effects of the nonlinearity near a spinning dynamical black hole. The angular momentum flux and energy flux formula are then obtained by asymptotic expansion and the compatibility of the coupling Newman-Penrose equations. After constructing the reference frame in terms of the compatible constant spinors, the energy-momentum flux is derived and it is related to the black hole area growth. Directly from the flux formula of the spinning dynamical horizon, we find that the physically reasonable condition on the positivity of the gravitational energy flux yields that the shear will monotonically decrease with time.
Introduction
In this paper, we use the Bondi-type coordinates to write the null tetrad for a spinning dynamical horizon (DH). The boundary conditions for the quasi-local horizons can be expressed in terms of Newman-Penrose (NP) coefficients from the Ashtekar's definition on DH. Unlike Ashtekar et al's [1, 2] three dimensional analysis, we adopts a 4-dimensional asymptotic expansion to study the neighborhoods of generic isolated horizons (IHs) and dynamical horizons (DHs). Since the asymptotic expansion has been used to study gravitational radiations near the null infinity [6, 7] , it offers a useful scheme to analyze gravitational radiations approaching another boundary of spacetime, black hole horizons. We first set up a null frame with the proper gauge choices near quasi-local horizons and then expand Newman-Penrose (NP) coefficients, Weyl, and Ricci curvature with respect to radius. Their fall-off can be determined from NP equations, Bianchi equations, and exact solutions, e.g., the Vaidya solution. From the reduction and the decoupling of the equations governing the Weyl scalars, instead of assuming Ψ 0 , Ψ 1 = 0 on DH, we set Ψ 1 , Ψ 3 vanishing on a spinning DH. This serves as a peeling property for a spinning DH and is a similar setting with the perturbation method (Also see Chandrasekhar [5] ). This approach allows one to see the next order contributions from the nonlinearity of the full theory for the quasi-local horizons. We have shown that the quasi-local energy-momentum flux formula for a non-rotating DH by using asymptotic expansion yields the same result as Ashtekar-Krishman flux [8, 9] . For slow rotating DH, we have presented our results in [8] , however, it makes too many assumptions to be satisfactory. Furthermore, the flux formula has a shear (NP coefficient σ) and a angular momentum (NP coefficient π) coupling term. Since it is unclear whether the existence of this term carries any physical meaning or it may due to our assumptions, we thereby study the fast spinning case and extend our previous work on IHs and DHs into a more general case.It is known that DH is a three-dimensional spacelike hypersurface with its topology R 1 × S 2 , so the shape of its 2-dimentioanl cross section will depend on the gauge freedom of choosing foliation. One may image that there exists a gauge choice which can make DH's cross section looks like a 2-sphere. The existence of angular momentum will not change the boundary condition for the null infinity, however, it will affect the boundary conditions of a black hole. In GR, quasi-local mass expressions for Kerr solution disagree one another [3] . Different quasi-local expressions give different values of quasi-local mass for Kerr black hole. At null infinity, there is no generally accepted definition for angular momentum [11] . By the aid of using asymptotic constant spinor to define spin frame as the reference frame for our observation, mass and angular momentum flux can be calculated.
Angular momentum and energy-momentum and their flux of a spinning DH
We choose the incoming null tetrad n a = ∇ a v to be the gradient of the null hypersurface v = const. We then have g ab v ,a v ,a = 0. It gives us the gauge conditions ν = µ − µ = γ + γ = α + β − π = 0. Then we further choose n a flag plane parallel, it implies γ = 0. For the setting of outgoing null tetrad ℓ, we first choose ℓ to be a geodesic and use null rotation type III to make ǫ − ǫ = 0. We choose m, m tangent to the cross section S, and thus ρ=ρ, π=τ . In the comoving coordinate
is the rate of changing effective radius of DH and r ′ = r − R ∆ (v) and R ∆ (v) is effective radius of a spinning DH. Since we use κ = ν = 0, σ = 0, λ = 0, therefore one can set Ψ 1= Ψ 3= 0 as peeling properties for a spinning DH. This is a similar with perturbation method and one may refer to p. 175 and p. 180 in [5] . The falloff of the Weyl scalars is algebraically general (this is a more general setting than [8] and [9] ) on DH where
By considering Vaidya solution as our compared basis for matter field part, the falloff of the Ricci spinor components are
We adopt a similar idea of Bramson's asymptotic frame alignment for null infinity [4] and apply it to set up spinor frames for a spinning DH. We find the compatible conditions for spin frame are
Since there are gauge freedoms on choosing the foliation of DH, we then assume that there exists a natural foliation to make DH cross section S as a two sphere. Therefore, on a sphere with effective horizon radius R ∆ (v), one can set µ 0 = − 1 R∆ . Let P, µ 0 on a sphere with radius R ∆ , then P ∝ This means that the horizon radius will not accelerate (no inflation). The dynamical horizon will increase with a constant speed. After applying these conditions, we list the main equations that will be used later (for detail, see [10] )
We use an asymptotically rotating Killing vector φ a for a spinning DH. It coincides with a rotating vector φ α= ψ a on a DH and is divergent free. It implies
Therefore, it exists a function f such that φ a = δf m a − δf m a , which is type (0, 0). Since f is type (0, 0), therefore δf = ðf . By using Komar integral, the quasi-local angular momentum on a spinning DH is
From (NB2), we get ImΨ 
We note that from By using the compatible constant spinor conditions for a spinning dynamical horizon (3) and the results of the asymptotic expansion, we get the quasi-local energy-momentum integral on a spinning dynamical horizon
In order to calculate flux we need the time related condition (3) of constant spinor of dynamical horizon and rescale it. Thenλ 0 0 = 0. It's tedious but straightforward to calculate the flux expression. It largely depends on the non-radial NP equations and the second order NP coefficients. By using the results on two sphere foliation, we substitute them back into the energy-momentum flux formula to simplify our expression.
From (i):
Apply time derivative to (i), and then we obtain the quasi-local energy momentum flux for dynamical horizonİ
where it is always positive. Hereμ 0 is the news function of DH that always has mass gain. Integrate the above equation with respect to v and use the results on two sphere, we then have [10] 
From (ii): The total energy momentum flux F total is equal to matter flux plus gravitational flux F total = F matter + F grav . We can write the gravitational flux equal to the shear flux plus angular momentum flux
The coupling of the shear σ 0 and π 0 can be transform into π 0 terms by using (NR9), then we obtain
where dv = (7) gives
where we define 
If k > 0, σ 0 ց. If k < 0, σ 0 ր. Therefore, if we want to get positive gravitational flux, the shear σ 0 must decrease with time v and k > 0. On the contrary, the negative gravitational flux implies the shear must grow with time. The negative mass loss from shear flux will make the dynamical horizon grow with time is physically unreasonable. Therefore, the shear flux should be positive. This says that the shear on a spinning DH will decay to zero when time v goes to infinity and the amount of shear flux F σ is finite.
Hence the dynamical horizon will settle down to an equilibrium state, i.e., isolated horizon.
Laws of black hole dynamics
LHS of eq. (9) can be written as
where A = 4πR 2 ∆ . For a time evolute vector t a = N ℓ a − Ωφ a , the difference of horizon energy dE t can be calculated as follow
and the generalized black hole first law for a spinning dynamical horizon is
Conclusions
We use a different peeling property from our earlier work [9][8] . This leads to a physical picture that captures a non-spherical symmetric collapse of a spinning star and formation of dynamical horizon that finally settle down to an isolated horizon. Further from the peeling property, if the shear flux is positive, it excludes the possibility for a spinning DH to absorb the gravitational radiation from nearby gravitational sources. The mass and momentum are carried in by the incoming gravitational wave and cross into dynamical horizon. We shall see that though it may exist outgoing wave on horizon, however, it will not change the boundary condition or make the contribution to the energy flux. A dynamical horizon forms inside the star and eat up all the incoming wave when it reaches the equilibrium state, i.e., isolated horizon. The NP equations are simplified by transforming to a new comoving coordinate and a foliation of 2-sphere for a spinning DH. The existence about how to make such a choice of the foliation will be a further mathematical problem. By using the compatibility of the coupling NP equations and the asymptotic constant spinors, the energy flux that cross into a spinning DH should be positive. The mass gain of a spinning DH can be quantitatively written as matter flux, shear flux and angular momentum flux. Further, a result come out that the shear flux must be positive implies the shear must monotonically decay with respect to time. This is physically reasonable since black hole cannot eat infinite amount of gravitational energy when there is no other gravitational source near a spinning DH. We further found that the mass and mass flux based on Komar integral can yield the same result [10] . Therefore, our results are unlikely expression dependent. For other quasi-local expressions remain the open question for the future study. It would be also interesting if one can generalize to a binary problem.
